Abstract. The aim of this paper is to study the superstability problem of the d'Alembert type functional equation
Introduction
In 1940, Ulam [19] gave a wide ranging talk before the Mathematics Club of the University of Wisconsin in which he discussed a number of important unsolved problems and among those the following question concerning the stability of homomorphisms [ 
6]
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In 1941, Hyers [10] considered the case of approximately additive mappings f : E → F , where E and F are Banach spaces and f satisfies Hyers inequality f (x + y) − f (x) − f (y) ≤ for all x, y ∈ E and > 0. He proved that then there exists a unique additive mapping T : E → F satisfying
The above result was generalized by Bourgin [7] and Aoki [1] in 1949 and 1950. In 1978 and 1982, Hyers' result was improved by Th.M. Rassias [16] and J.M. Rassias [15] . Namely, the condition bounded by the constant was replaced by the condition bounded by two variables. Thereafter it was improved by Gǎvruta [9] to the condition bounded by the function.
In 1979, Baker et al. [4] and Bourgin [7] introduced that if f satisfies the inequality
This concept is now known as the superstability. In 1980, the superstability of the cosine functional equation (also called the d'Alembert functional equation)
was investigated by Baker [5] ; also by Badora [2] in 1998, and Badora and Ger [3] in 2002 under the condition |f 
where f is an unknown function. In [14] 
on an abelian group and on a commutative semisimple Banach algebra. In this paper, let (G, +) be an abelian group, C the field of complex numbers, R denote the set of real numbers, and let σ be an endomorphism of G with
The aim of this paper is to investigate the superstability problem of the generalized d'Alembert type functional equation as follows
for all x, y, z ∈ G, where G is an abelian group and f : G → C. Moreover, we extend all superstability results for equation (1) to the superstability on the commutative semisimple Banach algebra. In the special case, if σ(x) = −x we obtain the result that is in [14] .
On the superstability of generalized d'Alembert harmonic functions
2. Superstability of equation (1) In this section, we will investigate the superstability of (1). The functional equation (1) Proof. Assume that f satisfies (A f ) on G. Then, we have
for all x, y, z ∈ G.
For the converse, we consider f satisfying (1) on G. Putting x = y = z = 0 in (1) and as f (0) > 0, we get f (0) = 1. Setting y = z = 0 in (1), we obtain
for all x ∈ G. Next, taking z := 0 in (1), we get
for all x, y ∈ G. Then, f satisfies the d'Alembert functional equation (A f ) on G. This completes the proof.
Theorem 2.2 Let f : G → C be a function and let ϕ : G → [0, +∞[ satisfy the inequality
for all x, y, z ∈ G. Then, either f is bounded or f satisfies the functional equation (1).
Proof. If f is unbounded, then we can choose a sequence {y n } n∈N in G such that
[8]
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Taking y = y n and z = σ(−y n ) in (2), we get
for all x ∈ G. Passing to the limit as n → ∞ in (3), we obtain the following
for all x ∈ G. From (4), we will see that
for all x ∈ G. Now, we will apply (3) to derive functional equation (1) . Putting y n −σ(y n )+y in the place of y in (2), we get
for all x, y, z ∈ G. Putting y n − σ(y n ) + σ(y) in the place of y in (2), we obtain
for all x, y, z ∈ G. Combining (6) and (7) gives
for all x, y, z ∈ G. Using the fact (4) and (5), we see that
for all x, y, z ∈ G. Similarly,
4f (y n )f (σ(−y n )) − 2 = f (σ(x) + y + z)
for all x, y, z ∈ G. Therefore, dividing inequality (8) by |4f (y n )f (σ(−y n )) − 2| and taking the limit as n → ∞, we get
for all x, y, z ∈ G. This completes the proof. for all x, y, z ∈ G. Then, either f is bounded or f satisfies the functional equation (1).
